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1 Introduction 

Dynamical zeta functions seem to play a rather special role in the general theory of zeta functions. 
They share many properties with the zeta functions of number theory and algebraic geometry 
and have lead to new approaches to some of the outstanding open problems in the theory of 
these functions. A well known such problem in this theory is the general Riemann hypothesis for 
these functions and a possible spectral interpretation of their zeros and poles in terms of some 
dynamical operator attached to the zeta function. There are several examples like the Selberg or 
the Artin-Mazur zeta functions where such an operator exists and which furthermore is indeed 
related to some dynamical system. In Selberg's case the underlying dynamical system is the 
geodesic flow on a surface of constant negative curvature and the operator in question is the 



transfer operator of this flow (see [Ma91|). For the Artin-Weil function the dynamical system 



is the Frobenius map on an algebraic variety and the operator is again the transfer operator for 



this map (see |Ro86|, |Ru92|). One should also mention the recent approaches to Riemann's zeta 
function and more general L-functions by A. Connes (| Co96[ |) and C. Deninger (|De9|]) where 



also a dynamical interpretation of these zeros is looked for. 

In special cases there is even a simple physical interpretation of the zeros of such a zeta 
function in terms of energy eigenvalues of a hamiltonian system, like in the Selberg case, so that 
it is not surprising that also ideas from the theory of quantum chaos are being appHed now to the 
Riemann zeros, which should be con nected to the spectrum of some hamiltonian whose classical 
Hmit should be chaotic (cf. ||Be86t ). One could therefore speculate if not all the known zeta 

functions flnally turn out to be dynamical zeta functions. 

In the same spirit one can interpret also the work of M. Gutzwiller in | Gu82| on the semiclas- 



sical quantization of a particle moving in the anisotropic Kepler potential. There he related the 
energy spectrum of this particle to the zeros of the Ruelle zeta function of an abstract dynamical 
system known in ergodic theory as a subshift of finite type over two symbols. In statistical me- 
chanics language this is a lattice spin system of Ising type with a 2-body interaction of the spins 
decaying exponentially fast with distance on the lattice. The system is known in the physical 



literature as the Kac-Baker model (cf. | Ka5£ | and | Ba61 |). These authors introduced this model 
for a better understanding of phase transitions in weak long-range systems like the van der Waals 
gas. 

It turns out that the Ruelle zeta function of this system, which is just a generating function 
for the finite lattice partition functions of the model, can be expressed in terms of Fredholm 
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determinants of a transfer operator (see | Ka66 |, [Ma80|) and hence its zeros and poles have a 
nice spectral interpretation. There exist indeed two completely different such operators for this 
system: one is the Ruelle operator introduced for general lattice spin systems in dimension one 
with a rather straightforward physical interpretation (see | Ru68[ ), the other one was found by M. 
Kac (see |Ka66t ), using the very special nature of the interaction of this model and its relation to 
the Ornstein-Uhlenbeck process. Indeed Kac considered his operator himself a nice "trick devoid 
of any physical significance". 

Whereas Ruelle's operator is acting in a Banach space of observables closely related to the lat- 
tice spin system, the Kac operator is an abstract integral operator in the Hilbert space L^(R, dx) 
not directly related to the s pin sy stem. It has a rather complicated kernel /C^ which in the form 



_syi 

used also by Gutzwiller in [|Gu8^ is given by 



cosh(V;3JC) cosh(V;3J?7) 
TT sinh7 



exp 



- ('tanh — 
4 V 2 



4 sinh 7 



(1) 



where /3 denotes "inverse temperature" and J > and < 7 < 1 are physical parameters 
characterizing the strength of the interaction respec tively its decay rate as a function of distance. 
We should mention that the kernel used by Kac in | Ka66 | is slightly different from the one given 
above since he worked with so called fix ed bou ndary conditions whereas we will use periodic 
boundary conditions as Gutzwiller did in ||Gu82|| . 

The Ruelle operator Lp : B{D) B{D) on the other hand is acting in a Banach space of 
smooth observables holomorphic in some disc D in the complex plane and has the following rather 
simple looking form 



wher e A = exp (— 7). Various aspects of this operator have been studied in | Ma80 |, |ViMa77| 



and | PTMT94 |. For instance, it defines a family of nuclear operators holomorphic in the entire 
complex /3-plane. 

The Ruelle zeta function Qr{z, (3) of the subshift of finite type (ri+, r), where Vl+ — {1, —1}^+ 
denotes the configuration space over the two symbols {1,-1} and t the shift on the lattice 2+, 
is then defined as 



z 

Cfl(z,/3) = exp^— Z„(/?), 



(2) 



where the Zn{[3) den ote the so called finite lattice partition functions of the Kac-Baker model. 
In his diploma thesis | Mo88|| B. Moritz showed that for real /? this zeta function can be expressed 
through Fredholm determinants of both these two operators as 



dct(l - zXgp) _ det(l - zXCf, 



det(l - zGfj) det(l - z£ 



/3; 



(3) 



where the operator 0/3 is related to the Kac operator ICp simply by Gp — ^xcxp p ^f^' ^^'^^ this 
he concluded that the two operators have indeed the same spectra. However, he could not relate 
the two operators and in an explicit way so that the eigenfunctions of the two operators 
could be determined from each other directly. 

In the present paper we solve this problem and give explicit formulas relating the two oper- 
ators and their eigenfunctions to each other. Hence the two operators are closely connected to 
each other and it is not by accident that M. Kac could find his operator. Since the Fredholm 
determinant of the operator Cfj is an entire function in the complex variable /? surprisingly also 
the Fredholm determinant of the operator G/3 can be extended to an entire function in /?. This is 
certainly not true for the operator Gp itself. 
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Our result could throw some light also on a more general problem arising in the transfer 
operator method in ergodic theory of dynamical systems: there are several cases known where 
the Ruelle operator when acting in some Banach space of smooth observables turns out, at 
least numerically, to have real spectrum for real "temperature" (3. Unfortunately, there are no 
general criteria known in the theory of operators in Banach spaces which would guarantee such a 



behaviour. There are very special approaches to this problem for special systems (see |Rug94|), in 
several cases however reality of the spectrum of such transfer operators can be proved by relating 
the Ruelle operator to some selfadjoint operator in a Hilbert space. A typical example for this 
is the transfer operator for the Gauss map and its generalizations, which when restricted to a 
certain Hardy space of holomorphic functions c an be c o njuga ted to an integral operator with 



symmetric kernel given by Bessel functions (see | Ma90 |, | [sQl| ). One could therefore speculate 



if there does exist always such a relation in cases where the Ruelle operator has real spectrum 
for real (3. A complete understanding of this rather mysterious behaviour of transfer operators 
however is certainly still missing. 

In the present example of the Kac-Baker model the Ruelle transfer operator Cp acting on a 
Banach space of holomorphic functions in a disc can be restricted to a Hilbert space of entire 
functions in the complex plane square integrable with respect to the weight function fit{z) = 
texp{—t I z p), the so called Fock space HL'^{C, fit) for an appropriate value of the parameter 
t depending obviously on /3. This Hilbert space is isomorphic to the space L^(R, d^) via the 
Segal-Bargmann transform Bt : L^(R, d^) HL'^{C, fj,t)- It is basically this transformation for 
t = 1 which relates the Kac-Gutzwiller operator Gp and the Ruelle operator Cp for real /3 in a 
unitary way. For this special parameter value t = 1 the Segal-Bargmann transformation will be 
denoted simply by B and it is given by 



Bfiz) = 2i [ f{^)exp{2n(z-TTe-^z')d^. 



This transformation allows us to relate also the eigenfunctions of the two operators in an explicit 
way. 

By making use of both these two operators we can show that the Ruelle zeta function C,r{\, /?) 
has infinitely many zeros and poles on the real axis unless some unexpected cancellations will 
take place , whereas there are also infinitely many trivial zeros at least for the special value A = i 
on the line Re(/3) — In 2, again if there are not analogous cancellations. Indeed, there are no signs 
for such cancellations numerically. We expect a similar behaviour also for general < A < 1. 
Obviously it would be interesting to know if there exists other zeros of this zeta function in 
the complex /3-plane besides the ones mentioned above. If this is not the case, and indeed we 
have some numerical hints also for this, this dynamical zeta function would satisfy some kind of 
Riemann hypothesis well known for many zeta and L-functions of number theory. This would 
be a further sign for the basic role dynamical zeta functions play in the general theory of zeta 
functions. 



2 The Kac-Gutzwiller and the Ruelle transfer operator 

Ifi^ = {l,— 1} denotes the set of possible values of a classical spin variable a the configuration 
space r2+ of all allowed spin configurations ^ on the half lattice Z-|_ — {0, 1, 2, ... } is defined as 

f7+ = = \i = (6),ez+ U« e ^ Vi e z|. The shift r : ^2+ ^ r2+ is defined as (tQ^ = ^i+i for 

all i G if 1^ = (fi)iez+ S Consider next the two body interaction $('CijO) = ^i^j A'*^-*' 
between spins on lattice sites i and j, where J > determines the strength of the interaction and 
< A < 1 is its decay rate. Obviously this interaction decays exponentially fast with distance 
I i — j I . The energy C/„ {£,) of a configuration ^ G 17+ when restricted to a finite sublattice [0 , n — 1] 
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of length n is defined as 



n— 1 OQ 
i=0 j=l 

A configuration ^ = (Ci)iez+ S ^+ is called periodic with period n iff ^i+„ = for all i G Z+. 
Denote by Per„ the set of periodic configurations of period n, i.e. 

Per„ ^{ien+\ T"e - i} ■ 

The partition functions Z„(/3) for the lattice spin system with interaction $ for the finite sublat- 
tices [0, n — 1] with periodic boundary conditions are defined as 

Z„(/3)- ^ exp (-/?[/„ (0). 

CePer„ 

Inserting the explicit expression for the interaction $ for the Kac-Baker model we get 

(n— 1 oo 
fc=0 j = l 

The physical properties of the spin system are completely determined by these partition functions. 
For instance the free energy / = f{(3) is given by /(/3) — —(i lim„^oo ^ln^n(/3)- The main 
problem of statistical mechanics is then to determine the analytic properties of this function in 
the temperature variable p = where T denotes the absolute temperature and k Boltzmann's 
constant. A standard procedure for doing this is the so called transfer matrix method. There 
one looks for a matrix whose leading eigenvalue is closely related to this free energy. Indeed M. 
Kac found for his model an integral operator acting in some Hilbert space of square integrable 
functions whose traces can be related to the partition functions Z„(/3) and hence determine 
also the free energy /(/3). As was mentioned before, Kac in ||Ka66| did not work with periodic 
boundary conditions so that the kernel of his integral operator is slightly different from the 
operator /C/3(^,77) for periodic boundary cond itions given by (|l|), which we use in this paper 



and which was used also by M. Gutzwiller in | Gu82 |. The kernel 1Cp{£^,ri) defines a trace class 
operator in the Hilbert space L^(R, c?^). Obviously JCp{S^,T]) — ICp{ri,^) and hence the operator 
ICi3 is symmetric for real /?. Its spectrum is therefore real for such /3-values. In the following we 
will simply write /? for the expression J/3 since J is assumed to be fixed. For ^ G Per„ denote by 
the configuration G = on the lattice Z with = for z G Z+ and ^f_,_„ = £_i for all 
i G Z. Then one has 

f E E ereJexp(-7N-j|) = 2^„-A4, 

i—O J — — oo 

where A is the (n x n)-matrix with matrix elements 

+ 00 

= P E ^xp(K ~ J + '^^D' 0<i,j<n — 1 



and = (^Oi • ■ ■ iCn-i)- On the other hand the following identity due to H. Cramer (see | Cr4(| , 
p. 118), used also by M. Kac and M. Gutzwiller, holds : 

/ + 00 p + co 

dzo ... (iz„_i exp(— iz • A^-^z) exp(^ • z) 

-oo J —OQ 
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with C„ = (Co, ■ • ■ J Cn-i) and z_ = (zq, . . . , Zn-i). From this one easily derives the identity 
Z„(/3) = 2 sinh (^) cxp [^"^ trace ( /C;3") , 

where /C^ is the integral operator with kernel /C/3(C,?7) a-s given in the introduction, and where 
we used the identity \{,^^ ■ ^^^J — ~/3C/n(C) + Defining next the operator 

with kernel Gp{£,, v) — ^Aexp/3 ^^(^' '^^ finds finally for real P 

Z„(/3) = (1- A)" trace Gp". 

The operator 0/3 hence serves as a transfer operator for the Kac-Baker model at least for real /?. 
We call it the Kac-Gutzwiller operator. 

Let us next briefly recall the Ruelle operator for a 1-dimensional lattice spin system. For this 
we denote by C(fi+) the space of continuous observables for the spin system. On this space the 
following family of linear operators C(3 : C{fl+) C(ri+) can be defined 

^pfiO^ E exp(-/3C/i(r;)) /(^), 

where t/i(??) denotes the interaction energy of the configuration ij on the sublattice consisting of 
the lattice site only. Inserting the explicit form of Ui{ri) we find 

^/3/(0= E exp(/3af;C,„iAM /((fT,0), 

(T=+l,-l \ i=l / 

where we have again replaced J/3 by p. Obviously the operators leave invariant the subspace 
of functions / depending on the configuration C only through the variable z — X^i^i Ci-i'^*- 
Indeed, they leave invariant also the space of such functions depen ding h olomorphically on this 
variable for instance in the disc Dr with r > It was shown in |Ma80 | that the operators £/3 



are nuclear for all complex values of (3 in the sense of Grothendieck in the Banach space B{Dr) 
of functions holomorphic in Dr and continuous on Dr with the supremum norm. Furthermore 



the analytic version of the Atiyah-Bott fixed point formula (see |AtBo67|) shows that 

Z„(/3) = (1- A") tracer;^. 

Hence also this Ruelle operator can be used as a transfer operator for the Kac-Baker model. The 
Ruelle zeta function (r{z,/3) for the Kac-Baker model defined in can indeed be expressed 
through Fredholm determinants of both these two transfer operators as described in But 
the Fredholm determinant det(l — zCfj) of the nuclear operator £^ is an entire function both in 
the variables z and P hence the Ruelle zeta function C(z, /3) is a meromorphic function in the 



entire z- and /?-plane. From this it follows immediately (see [ |Mo89[ ) that the operators G/s and 
£/3 have the same spectrum for real /3. To relate in this case the two operators and also their 
eigenfunctions in a more explicit way we have to investigate the Kac operator in more detail. We 
should mention that some of the following arguments have been used already by M. Gutzwiller 



in |Gu82| 



5 



3 Hermite Functions and Mehler's Formula 

Consider the operators Z — nix + and Z* = nix: ~ on L'^i^)^ where is the 

multiphcation operator { nigf) {x) — g{x)f{x). Then the Hermite functions hk G -L^(M) with 
fc S No are given by (see | fb89| , p.51) 



hQ{x) = 2*e 



One has 



' k + 1 k 
Z*hk ^ \l ^ hk+i and Zhk ^ J —hk^i. 



The Herm ite functions form a Hilbert basis for L^(M) (see | Fo89[ , p. 53) and the Mehler formula 
(see [Fb8£], p. 55) is the identity 

^.k,,,,,, ( 2 y ( -7:{l + \-'){x^+y^) + Ai,\xy \ 
^\ hk{x)hk{y)= [y^] '^^pI r^A2 J ^ ^ 



fe=0 

for A G Z?!. Here u — Hes in the right half plane, and the sqare root is the branch which is 
positive for u > 0. 

Proposition 3.1 For 7 G {z G C | Re(z) > 0} and A = e ^ we have 

Proof. Seta:=^i(i^and6:=^. Then ^ = = = ^ so that 

-7r(l + A2)(a;2 + y^) + 47rAxy _ 47rA ( 2 2n 



1 - A2 1 - A2 V 2 



--(cosh7)(a; +y ) + xy 



^ _ ^_27 i-^{coshj){x^+y^) + xy 
si^ (^-^(cosh7)(2;2 + y^) + a;^^ 



Proposition 3.2 



4( 



Proof. Using (^ — 77)^ = + '7^ — 2^77 we calculate 



tanh^ (^^+77^)- 7 . - _ tanh^ (^2 + 77 



4 V 2 / 4 sinh 7 4 V 2 / 4 sinh 7 2 sinh 7 

4 V 2 smh7 / ^ ^ 2 smh7 
4 V e"^ + 1 eT - e-^ / cT - e-T 
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Set a := -i f + „-,_l-, ') and b 



Then 



6 . /e'^ - 1 2 \ ^ 1 

- = -4 



and therefore 



a Ve'' + 1 e'>' - e~T / e'>' - e-T 

= e ^J:^ 2 

eT + 1 



eT + 1 

-1 



cosh 7 



4sinh7 2sinh7 



Proposition 3.3 Set A = e , x = £,2^ o-iT'd y = ^2^- Then 



Proof. Combining the Mehler formula with Proposition |3.l| and Proposition |3.2| we calculate 
°° f 2 \^ f 2n ( 1 



xy 



We set 



and note that 



□ 



Lemma 3.4 Lei c ^ anrf a: R ^]0, c»[ 6e a smooth function. Then 
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(i) Re-. L^iR,a{^)d^) ^ L^iR,a{x)dx) defined by 

{Rcf){x) v^/(cx) 
is an isomorphism of Hilhert spaces. 

(ii) // an operator K on L^(R, d^) is given by an integral kernel K{(^,ri) via 



Kf{0= / K{C,7i)f{n)drj, 

JR 

then the induced operator Kc := RcO K o R^^ on L^(R, dx) is given by the kernel 

Kc{x,y) = cK{cx,cy). 

Proof. 

(i) This follows from the calculation 



\Rcf\' 



L^{R,a{x)dx) 



(ii) This follows from the calculation 

{iR,oKoR-\f)){x) 



\{R,)fix)\^aix)dx 
\c\ \f{cx)\'^a{x)dx 



c 



~\{K{R-\f)) (ex) 

7\ f K{cx,ii){R-'f){fj)df^ 



\c\ I K{cx,r])-^f{^Tj)dT] 



K{cx,cy)f[y)cdy. 



Lemma 3.4 yields the following commutative diagram: 



L'^{^,d£,) 



K 



'4 



L'^{M.,dx) 



L'^{M.,dCj 



i2(K,da;) 



□ 



Example 3.5 We consider the Kac kernel 



^\ „2 , „j> K-'i)' 

4 sinh 7 
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and use the constant c = 2y^. Then, in view of Lemma 3^ and formula (||), Proposition 3.2 
yields 

ICp.c^x.y) = cKi3{cx,cy) 



I oo 

2 (cosh(2v/^2;) cosh(2v/^y)) ' ^ e~('=+^)''/ife(a;)/ifc(2/) 



fe=0 

□ 



Lemma 3.6 Let a: M [1, oo[ be a smooth function and K be a bounded operator on L^(R, dx) 
given by an integral kernel K{x,y) via Kf{x) — J^K{x,y)f{y)dy. Then 

(i) The operator K o on L-^(R, dx) is an unbounded integral operator with kernel 



K{x,y)^/a(y). 

(ii) The operator m_i_ o K on L^(M, dx) is a bounded integral operator with kernel 

y). 

\/a{x) 

Proof. 

(i) This is immediate from 



and |lVa/llL2(R,dx) = \\f\\v^R,a(x)dx) < oo. 
(ii) Here we calculate 



{Kom^f){x)= / K{x,y)y/a{y)f{y)dy 



(mi o if/) (a;) ^ ^^(if/)(a;) 



1 



1 



ya(a?) 



K{x,y)f{y)dy 
K{x,y)f{y)dy 



For a smooth map a: R — > [l,oo[ Lemma 3.6 yields the following commutative diagram 



L^{R,a{x)dx) > L^{R,dx) 

L^{R,dx) > L^{R,dx) 

L'^{%dx) ~ > L^(m.,dx) 
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with integral operators K' and K" given by the kernels K'(x,y) = K{x,y) / and 



K"{x,y) 



-.K{x,y)- 



(6) 



Example 3.7 We consider the rescaled Kac kernel 

_1 oo 

ICp,e{x, y) = 2 (cosh(2V^x) cosh(2\/^y)) ' ^ e-('=+^)''/ifc(a;)/ife(2/) 



fc=0 



with c = 2-^7? from Example 3.5 and use the function a(x) = cosh(2-y7r^a;). Then (H) shows 

oo 

/Ci'(a;,y) = 2^e-(^-+^)''/ife(xK(2/), 



where we have omitted the index (3 since the kernel does not depend on it anymore. Thus the 
Hilbert basis {hk)keno diagonalizes /C" : £^(R, dx) L^(M, da;) and the corresponding eigenvalues 
are given by 

K.''hk = 2e-('=+^)Ufe. 



Lemma |3.4| now yields the following commutative diagram 



Ra 



L^{R,a{x)dx) 



L'^{R,dx) 



-> L^{R,dx) 

I" 

L'^{R,dx) 



■A 



L'^{R,dx) 



m 1 



L'^{R,dx) 



Note that e^'^ hk{x) is a polynomial of degree fc in a; (see po8^ , p.52). In view of the estimate 



this shows that the functions ^ i-^- a/ cosh y/j3£, hk{£,) are in L^(R, d^). Therefore all the /ifc are 
contained in L^(M, cosh(v^O'^f)- □ 



Proposition 3.8 For c G R \ {0} und s eR we ho 



n^'coshisx) O Rc — Rc° J^coshdO- 



Proof. 



{rricoshisx) ° Rcf){x) = cosh(sx)V|c|/(ca;) 

— g 
c\ cosh{-cx)f{cx) 
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Proposition 3.9 Set g(0 = cosh(i?'^)* for t e R+ and R' £ R. Then the Kac operator 
ICp: L^{R,dO L^(R,d^) satisfies K.plL^iR,dO) C L^{R,g{C)dO. 

Proof. The estimate 

\gix)\ < e*l«'«l 

shows that there exist positive constants ci and C2 such that 

15(0^/3(^,^)1 <Cie-^^(«'+"'). 
Therefore there exists a positive constant C such that 

Jr 

and 



Now |Fo84|| , Theorem 6.18, imphes that ICf3{^,ri) defines a bounded integral operator 

JCp:L\R,dfj)^L^R,g{C)dO 
with operator norm bounded by C. In particular JCpf G L'^{R,g{£,)d£_). 

4 Fock Space and Segal- Bar gmann Transformation 

For t > the Fock space 7iL^(C, /it) consists of all entire functions F: C ^ C such that 

||F||?:= / |F(z)|Vt(^)d^<oo 



where denotes the weight fit = iexp— 7rt | 2 p. The space 7iL^(C, /if) with this norm is a 
Hilbert space (see [i^o89], p. 46 ). Moreover the polynomials 



form an orthonormal basis for the space HL'^{C, fit). Of special interest for the following discus- 
sion is the case i = 1. In this case the space 7Yi^(C, /ii) will be denoted simply by J- and we call 



it the Fock space (see |Fo89|, p. 40 



J^=|f:C^C| F entire with J \F {z)\'^ exp -{nz'^) dz < oo^ 

Its basis d '^ill be denoted simply by Cfc with fc = 0, 1, . . . . 

There is an isomorphism Bf : — > 7iL^(C, /it), the so called Segal-Bargmann trans- 
form, defined by 

Btfiz) := (I) ^ £ /(O exp(2^e^ - ~ fz^)dt 



It is a Hilbert space isomorphism such that Bthl. = (^l (see | Fo89| , p. 40 and p. 51), where the 



Hermite functions hj. are generalizations of the Hermite functions h\ = hk. 

Recall the operator /C" on L^(R, dx) from Example 3.7. Obviously the Segal-Bargmann 



transform B :— Bi induces a linear operator in the space T. Indeed one finds 
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Proposition 4.1 For X = e ^ the operator M\ :— B o /C" o B ^ : J- ^ !F is given by 

{MxF){z) = 2VA F{Xz). 



Proof. Using Example ^ and the homogeneity of Cfe we calculate 

{M^CkW) = B{lC'^hu){z) 

= B(2e-('=+^)^/ife)(z) 
= 2e-('=+^)^a(^) 
= 2e-5^a(e-^z). 

Since (C*:)feeNo is a Hilbert basis for T this implies the claim. q 

The functions (k{z),k — 0, 1, . . . are the eigenfunctions of the operator Mx with eigenvalue 
pk = 2A'^+2 . Since this operator is nuclear its spectrum consists of these numbers. The above 
proposition shows that the following diagram commutes: 



L'^{R,dx) 

B 

T 



L^(m,dx) 

B 



Proposition 4.2 Let : L^(M, dx) i^(M, dx) for r e R &e the translation defined by 

Trf{x) = f{x-r), 

and fir '■ dx) — > L^(M, dx) for r e K 6e the multiplication defined by 

firf{x) = rf{x). 

Then we have 

(Z*)'' OTr=TrO{Z* + Hr)'' Vfc G Nq. 

In particular we find 

(Z*)'' O Trho = X! ( M ^^'^rhk-l- 

Proof. For the first claim it suffices to prove the case A; = 1. So we calculate 

{{Z* OTr)f){x) = XTrf{x)-^{Tr)'{x) 



= xf{x - r) - ^f'{x - r) 

= {x-r)f{x-r)- -^f{x-r)+rf{x~r) 

= {Tt O Z*f){x) + (fir ° Trf){x) 

= {Tr O Z* f){x) + {Tr O flrf)ix) 

= {TrO{Z* +flr)f){x). 
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Now we calculate 

{Z*)''oTrho = TrO{Z* + IJLr)''ho 

k 



1=0 

k 



1=0 

k 



Proposition 4.3 For each A; G Nq we have 

{Z*)^ O rUes^ = rUesx o [Z* - -^)^ 

and 

TUesx O {Z*)'' = (Z* + O rUeax. 

Proof. It suffices to prove the first equality in the case k = 1. So we calculate 
Z*{e^y){x) = xe-/(a;)-^(e-/(a;))' 

= e-(Z7)(x) - ^e-/(x) 



rUesx {z* - f{x) 



Set 

hk := {Z*)''ho. 

Proposition 4.4 For s we have 



j=0 



Proof. 



= e*^r_s./io(a:^)- 
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Now we use Proposition 



4.3 to calculate 



zvr 

fe 

S 



k 



^-EE(f) G) (i)'^-^^ 

J=0 1=3 



On the other hand 



E C) = E (r) = E G) = 2^=-^' G) 

/—J n— n— 

which inserted in the calculation above gives the claim. 
Proposition 4.5 For r e K we have 

B O Tr = m _„,_7r^2 O Tr O B. 

iJere Tr'. T ^ T is also defined by TrF{z) = F{z — r). In other words, for F G T we have 

{BoTrO B-^)F{z) = e-^'''e^''^F(z - r). 

Proof. 



2* / /(Oexp(27r(e + r)-^(e + r)2_|z2)^^ 



= 2^ / /(O exp(2<(z - r) - - J(z - r)^ + nrz - Jr^)^^ 
= ^'■^2^ / /(e)exp(2^C(z-r)-<2-5(z-r)2K 

= e''"'^''\rBf{z) 
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□ 



Proposition 4.6 For s € M we have 

— 1 1 2 

/n oi/jer words, for F <E J- and z e C we /lawe 

2 

o me=x o B^^F){z) = ei^e^F{z + 



2tt' 



Proof. Using Proposition 4.4, Proposition 4.5 and the fact that {Bhj){z) = we calculate 



Bo 



exp 



exp 



k-j 



in J (tt) 

2 \ 

E(^) 



-B o T^hj 



An 



exp — — — tT^Bhj 



1 ^ ) exp 



3=0 
k 



3=0 



(f) <^ 



271 ' 



and since the hk form a basis of T this implies the claim. 

Consider next the unbounded operator Cs'- T ^ T defined as 

Cs -.^ B o m^ashisx) ° B^^- 

Then one finds 

C^Fiz) = iel^ (e^i^(z + ^) + e-¥F(z - ^)) 
and we have the following commutative diagram 

L^{R,dx) > L^{R,dx) 

1« 



J" 



□ 



(7) 



Proposition 4.7 i^or s G M and A = e '''we /laiie 
Proo/. 



{CsoMxF){z) 



1 =i 
2 



et^ [e^^ {MxF){z + ^) + e-"^ {NhF){ 

y/Xe^ (e'^FiXz + X^) + e'^^FiXz - X^) 
\ 2tt 2tt 



27r' 
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For a ^ consider the map 

■.nL'^{c,iJ_i_^) ^ j^, 

defined as 

{iyaF){z) := F{az). 

Then one finds for the operator 

o Ma o jy„ : HL^{C, T 

{C,oMxou^F){z) = ^/Xe^ (e'^{Mxou^oF){z + ^) + e-'^{Mxou^oF){z-^)^ 
= VXe^ (e^F{aXz + aX-;^) + e~^F{aXz - aX-^)) 
respectively for the operator 



(z^a-i oCsoMxo VaF){z) = VXc^ (e^F{Xz + aX—) + e~^F{Xz - aX—) 



Next chose the parameters s and a as follows: 

s = 2WttP and a 



/TT 
0' 



Obviously, as = 2n and therefore one gets for these parameters for the operator 

V 7r V ^ T TT 

defined by 

{u^ o oMxov ^F){z) = sfXe^ {e^'F{Xz + X) + e-l^'FiXz - A)) 

Proposition 4.8 For real (3 and c = 2^ the operators 

TT TT 

and 

are conjugate operators. 
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Proof. Indeed one finds after inserting the definitions of the two operators C2v^ ^"^^ 

oMx = Bo m^„3h2vWx oB-^oBo /c" o B'^ = B o m^^^^,^^^ ° K ° B'^ 

which shows that C2^fj^°M\ is conjugate to the operator 'm^^^^(2./pTTx)°^c ■ Hence / G L^(R, dx) 
is an eigenfunction of the operator 'm,^^^Yi{2y/pTix) ° with eigenvalue p iff the function Bf is an 
eigenfunction of the operator C'2v^ ° : T ^ T with the same eigenvalue. In the same way 
one concludes: / is an eigenfunction of the operator ^ ("^cosh(2 v^g) ° ) '^'^ith eigenvalue 

p iff the function v^j-^oBf is an eigenfunction of the operator : H-L^(C, /itj^i ) TCL^{C, pm) 
with eigenvalue p. q 

Hence given an eigenfunction / = f{x) of the operator ^ ("^cosh(2 v^a) ° ) the cor- 

responding eigenfunction F = F{z) of the operator : TIL^{C, p\0\_) —^ TIL'^{C, p\0\_) has the 
following explicit form: 

F(^) = 23 /(O exp (^2^e^ - we - ^z^^ d^. 

To relate finally the eigenfunctions / of the operator 'Tij.Qgjj(2V^a:) ° to those of the Kac- 
Gutzwiller integral operator /C/3 with kernel /C/3(^, r?) we need 

Proposition 4.9 Let H : L^(M, d^) L^(R, d^) be an integral operator with kernel H{S^,ti) and 
g: M ^]0, oo[ a smooth function. Then the following statements are equivalent: 

(1) / is an eigenfunction of the integral operator mg2 o H with kernel g^{C)H{^,rj) for the 
eigenvalue p. 

(2) ^ is an eigenfunction of the integral operator H' with kernel g{^)H{^,ri)g{ri) for the eigen- 
value p. 

Proof. This follows from the calculations 

Jr 



9miim 



and 



= 1 9m{^,v)9iv)^dv 
9(0 JR 9{V) 



Jy{^)H{^,rj)f{v)dv 



5(0 



Theorem 4.10 For real (3 the Ruelle operator C/3 and the Kac-Gutzwiller operator Q/j with kernel 
(Aexp/3)~2/C^(^,r^) have the same eigenvalues (counted with multiplicities) and hence the same 
spectrum. Their eigenfunctions F = F{z) and f = /(^) to the eigenvalue p are related as follows: 
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(1) 

F{z) = (87r)3 J ^coshV^ fC^V^O exp (^2^/^S,z - vr^^ - ^z^^ d^. 



(2) 



Proof. According to Proposition 4.S the operators :yj=^(?7icosh(2y3¥a;) ) with c — 2y/n and 



£^ are conjugate via ° B. Proposition shows that the operator 'rn^^g^2y/pTTx) ° '^^s 
the same spectrum as the operator 



\J cosh 2^7:(.ix ^ \J cosh 2^-K(.ix 

with kernel \/ cosh Is/i^x cosh ^^fi^y K^(x,y). But this operator is conjugate to the operator 
/C;3 with kernel ICp{^,r]) through the map Rc with c = Hence, if / S L^(M, ti^) is an 

eigenfunction of the Kac-Gutzwiller operator ^ /C/3 with eigenvalue p, then 



is an eigenfunction of the operator ., ,, ( m 1 — ; — =- o /C o m , — ; — =- ) with the same 

° \/\cxp0 \ ^cosh 2\/7r/3a; -y/cosh 2V7r/3a- ' 



eigenvalue. Hence ^cosh2-v/7r/3a; (i?2y7r/)(^) is an eigenfunction of the operator 

VAoxp/3 ("*cosh(2V?^2:) ° ''^c ) 



with eigenvalue p by Proposition |4.9| . But then 

F{z) = (87r)3 J ycosh2^7^ /(2v^0exp (^2^/^^z - n^^ - ^z^^ 

is an eigenfunction of the operator with eigenvalue p. On the other hand starting with an 
eigenfunction of the operator £^ we know that h{x) = {B~^ o i'a-^F){x) is an eigenfunction of 
the operator 



-^/Xcxp 



1 / oK' om ^ 

2xp (3 \ ^ cosh Y<^osh2v^^ / 



which is again conjugate to IC/s via the map R^^ and hence R^^iV cosh2y/j3nx h){^) is an 
eigenfunction of the operator Qp. Inserting all the transformations involved we finally get for the 
corresponding eigenfunction / = /(^) 

□ 
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5 Zeros of the Ruelle zeta function 



From our discussion it follows that for real [3 the eigenvalues of the Ruelle operator Cp are real. 
According to (||) the zeros of the Ruelle zeta function C,r{(3) := C-r(1: P) are located at those values 
of /3, where the operator Cp has eigenvalue p = and not at the same time the eigenvalue 
p = 1. In the following we will show for < A < ^ that there exist infinitely many real /?- values 
such that Lp has the eigenvalue p — X"^ and therefore C,r{I3) presumably has infinitely many 
"nontrivial" zeros on the real fine unless unexpected cancellations take place. For the special 
case A = ^ we can show furthermore that there exists infinitely many values of j3 on the fine 
Re(/3) = ln2 such that the operator Lp has eigenvalue p = A~^ and hence presumably Cr{P) 
has infinitely many trivial zeros on this line Re(/3) = In 2 unless the aforementioned cancellations 
take place. We expect this pole and zero structure for Ruelle's zeta function for the Kac-Baker 
model to be true indeed for generic < A < 1. 

Consider first the case (3 = 0. The spectrum of the operator Cq can be determined expHcitly 
and is given by the numbers 2A'^, /c = 0, 1, 2, . . .. The corresponding eigenfunctions are polynomi- 
als of degree k. Hence the Ruelle function CRiz,l3) at this point can be calculated and turns out 
to be (1 — 2z)~^. This is just the Artin-Mazur zeta function for the subshift of finite type over 
two symbols. The Ruelle function hence takes the special value —1 at the point /? = 

independently of the parameter A. To show now the existence of infinitely many real /3-values 
such that the operator Cp has eigenvalue p = A~^ it is enough to show that for (3 +oo, respec- 
tively for l3 —CO, infinitely many eigenvalues become larger than A~^, since the eigenvalues 
depend analytically on /?. The asymptotic behaviour of the eigenvalues has been determined by 



B. Moritz in his unpublished diploma thesis |Mo8£|. To formulate his result we have to introduce 



the parity operator P : B{D) B{D) defined via 

Pfiz) = f{-z). 

It is straightforward to see that all eigenspaces of the operator Cp have a basis consisting of 
eigenfunctions being either even (eigenvalue -1-1) or odd (eigenvalue —1) under the parity operator 
P. But then the spectrum of this operator is just the union of the spectra of the two following 
operators : B{D) B{D) and : B{D) -> B{D) defined by 

C+f{z) := exp (/3z) /(A + Xz) + exp /(A - Az), 

respectively 

C^fiz) exp (/?z) /(A + Xz) - exp (-/3z) /(A - Xz). 

Obviously the eigenfunctions of these two operators are even, respectively odd. Their eigenvalues 
will be called even, respectively odd. The main result of Moritz is then the following 

Proposition 5.1 For arbitrary N consider the N even and odd eigenvalues pi of the operator Cp 
largest in absolute value. For < A < i these eigenvalues behave for (3 —>■ oo as A* exp (^1^(3^ ■ 

For (3 — oo the N even eigenvalues largest in absolute value behave like (— 1)'A' exp f^x^/?), 

whereas the odd eigenvalues behave like (— l)*+^A'exp 

Proof. Since the arguments for the odd eigenvalues p~ are similar to the even eigenvalues p+ we 
restrict ourselves to the even eigenvalues. Consider the case (3 ^ oo first. If we write in this case 
the eigenfunction / with eigenvalue p for the operator in the form f(z) = exp (iz^) 

one finds with p = exp (j-^rx^ P and (3 = by a simple calculation 

pu{X + z') = u{X + A^ + Xz') + exp (-^A) exp (-/3z') u{X - A^ - Xz'), 
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where we have also replaced the argument z by z' + X. For the function h{z) := ^(A + z) one 
then finds the equation 

h{Xz + A^) + exp {-'PX) exp {-Pz) h{-X^ - Xz) = phiz). 

Hence the function h is an eigenfunction with eigenvalue p of the operator 7^ : B{Dji) B{Dji) 
defined as 

T-^h{z) = h{Xz + A^) + exp {-'^X) exp {-Pz) h{-X^ - Xz), 

where Dr = € C | < i?} and R > jtx- This operator is nuclear and its spectrum is 
closely related to the one of the operator . Writing now 

with the obvious definitions of the two operators T-^ and T-^ one finds for the norm of the 
operator T-^ 

II T-- ||<exp(-;9A)exp(;9i?). 

Since for A < | one can choose A > i? > y-\ find lim^^^ || T-^ ||= 0. Hence the operator T-^ 
approaches for /3 — > oo in norm the operator T-^ and hence also their spectra are identical in this 
Hmit. The spectrum of the operator Tj , however, is given by the numbers {A' | i = 0, 1, . . . }. 

This shows that for large /3 the even eigenvalues p"*" of the operator behave Hke A* exp ( i^^) ■ 
To find the behaviour of the even eigenvalues of the operator for large negative values of (3 
consider the operator defined as 

C+f{z) := exp {-(3z) /(A + A^) + exp {pz) /(A - A^) 

and the behaviour of its eigenvalues for large positive values of (3. Writing its eigenfunction / 
with eigenvalue p as f{z) = exp (]^) '^{^) finds in this case with p := exp ^—3^^ and 
/3 := the equation 

h{-X^ - Xz) + exp {-'^X) exp {-'pz) h{X^ + A^) = -ph{z), 

where we have introduced again the function h{z) = u{X + z). An argument completely analogous 
to the former case then shows that the large (3 behaviour of the eigenvalues p is determined by 
the operator T-^h{z) = h{—X^ — Xz). Its spectrum is given by the numbers {(—A)* | i = 0, 1, . . . }. 

Hence the even eigenvalues of the operator behave for large negative f3 as (—A)* exp (^—^fx) • 
This proves the claim. q 

Let us calculate the trace of the Ruelle operator Cg for large positive or negative values of /3. 
Adding up N of the asymptotic eigenvalues one finds for large positive /3: 

1-A^+i / f3X 
trace £^ ^ — — exp 



0^00 1-A \1- X^ 

For large negative (3 on the other hand one finds when adding up N asymptotic eigenvalues 

trace £fl ~ 0(A^+^). 

/3— >— 00 
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From this we expect that the result of Moritz on the asymptotic behaviour of the eigenvalues 
indeed is true for general < A < 1. 

Now we can prove the following proposition which determines the location of zeros and poles 
of the Ruelle zeta function for the Kac model: 

Proposition 5.2 For any A with < A < 1 the Fredholm determinant det{l — XCp) has infinitely 
many zeros on the real line R. For A = ^ there are infinitely many zeros on the line Re(A) = In 2. 

Proof. Since for real /3 all the eigenvalues of the operator £^ are real and analytic in /?, 
it follows from the asymptotic behaviour of the eigenvalues that infinitely many of them must 
take the value A~^ for positive and negative values of the parameter /?. On the other hand an 
easy calculation shows that for the special value A = ^ the function f{z) — sinh(2/3z) is an 
eigenfunction of the operator Cp for all € C with eigenvalue p = exp (3. But this eigenvalue 
takes the value A~^ — 2 just for /? = /?„ = ln2 + 27rm. ^ 

The zeros of the Fredholm determinant det(l — Cp) on the real line are certainly "nontrivial", 
whereas the ones on the line Re(/3) = In 2 which even are equidistant could be called "trivial" ones. 
Since the Ruelle zeta function Cr{z) has the representation Cr{'^) = '^dct(i-c^) this function has 
infinitely many nontrivial zeros and poles on the real line, whereas for the special value A = ^ 
infinitely many trivial zeros lie on the line Re(z) = In 2. Obviously accidental cancellations with 
the zeros of det(l — Cp) which determine the poles of the Ruelle zeta function could destroy some 
of these zeros. 

Since the location of the nontrivial zeros of the Ruelle zeta function is not known explicitly 



one has to determine them numerically. Indeed in his paper | Gu82 | M. Gutzwiller derived explicit 
formulas for the matrix elements of more or less the operator ^ ™cosh(2V?7ra:) ° in the 

basis given by the Hermite functions hk{^) in the space L^(R, d^). After a conjugation this matrix 
becomes a symmetric matrix Bp whose matrix elements Bn.miP) have the following form: 

BnMP) = 2(n!m!)-^ exp (^J_!l±^^ (§^$(2^* - M, 2^l + 1; 

where $ denotes the confiuent hypergeometric function, M — max{m, n}, and the number 2/i = 
\m — n\ must be even. For \m — n\ odd the matrix elements Bn,m{P) vanish. Since the number 
2/x — M is a non-positive integer the above confluent hypergeometric function is just proportional 
to the Laguerre polynomial according to the formula 

Inserting this relation into the expression for the matrix elements Bn,m one finally gets 

S„,™(/3) = 2(n!m!)-^ exp i^J.Il±I!^^ ^ (M_^ lI^, {-P) ■ 

This allows one to calculate the traces of the iterates of the Kac-Gutzwiller Operator as the sum 
over the diagonal elements of this matrix. For instance for the trace oi Gp one obtains in this 
way 

^ 1 / /3A \ 

trace = 2 ^ exp (-7771) = 2^77^ cxp f j , 

m=0 ^ ^ 

which is just the definition of the generating function for the Laguerre polynomials Lm(— /3) = 
/3). In complete analogy one can relate the traces of the iterates of the Kac-Gutzwiller 
operator Gp calculated via the matrix B{l3) to the expressions calculated via the Ruelle operator 
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Cjj and its iterates. One arrives thereby at rather complicated formulas which can be interpreted 
as generating functions for powers of the Laguerre polynomials L']I^_^^{—(3). Whether these 
formulas are known in the literature for the Laguerre polynomials is not known to us. 

A detailed numerical study of the zeros and poles of the Ruelle zeta function by the above 
matrices is under way. 
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